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1 Introduction 



In view of the aesthetic features of conformal field theory a interest in this theory was period- 
ically renewed (see [1J and references therein). Conjectured duality [2] of large N conformal 
J\f = 4 SYM theory and type IIB superstring theory in AdS$ x S 5 has triggered intensive and 
in-depth study of various aspects of conformal fields. Conformal fields in space-time of dimen- 
sion d > 4 can be separated into two groups: fundamental conformal fields and shadow fields. 
This is to say that field having Lorentz algebra spin s and conformal dimension A > A , 
A = s + d — 2, is referred to as fundamental fielcQ, while field having Lorentz algebra spin 
s and dual conformal dimension A = d — A is sometimes referred to as shadow field. It is 
the shadow fields that are used to discuss conformally invariant equations of motion and La- 
grangian formulations (see e.g. [[ILELlElEI). In the framework of AdS/CFT correspondence, 
the shadow fields manifest themselves in two related ways at least. Firstly, they appear as 
boundary values of non-normalazible solution of equations of motion for bulk fields of IIB su- 
pergravity in AdS$ x S 5 background (see e.g. (|71-[fTT|j^). Secondly, shadow fields appearing in 
spin 2 field supermultiplet of iV = 4 superconformal algebra constitute multiplet of conformal 
supergravity. The conformal supergavity multiplet couples with fields of J\f = 4 supersymmet- 
ric YM theory. It turns out that IIB supergravity expanded over AdS background and evaluated 
over Dirichlet problem reproduces of action of N = 4 conformal supergravity [Q30. Note also 
that iV = 4 conformal supergravity share the same global supersymmetries, though realized in 
different way, as supergravity/superstring theory in AdS 5 x S 5 Ramond-Ramond background. 
In view of these relations to IIB suprgravity/superstring in AdS 5 x S 5 and supersymmetric 
YM theory we think that various alternative formulations of shadow fields will be useful to 
understand string/gauge theory dualities better. In this paper we deal only with shadow fields. 
These fields will be referred to as conformal fields in what follows. 

Lagrangian formulations of most conformal fields involve higher derivatives. The purpose 
of this paper is to develop ordinary-derivative, gauge invariant, and Lagrangian formulation for 
free conformal fields. This is to say that our Lagrangians for free bosonic fields do not involve 
higher than second order terms in derivatives, while our Lagrangians for free fermionic fields 
do not involve higher than first order terms in derivatives. As is well known arbitrary higher- 
derivative theory can be rewritten in ordinary-derivative form by introducing additional field 
degrees of freedom. Our purpose is to introduce the additional field degrees of freedom so 

'We note that fundamental conformal fields with s = 1, A = d — 1 and s = 2, A = d, correspond to 
conserved vector current and conserved traceless spin two tensor field (energy-momentum tensor) respectively. 
Conserved conformal currents can be built from massless scalar, spinor and spin 1 fields (see e.g. 0). 

2 Discussion of equations for mixed symmetry conformal fields with discrete A may be found in J6|. 

3 In earlier literature, discussion of shadow field dualities may be found in lfT2l[T3l . 

4 Also, conformal symmetries manifest themselves in the tensionless limit of strings lfT51 (see also lTl6l[T7l ). 
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that to respect the following three requirements: i) ordinary-derivative formulation should be 
Lagrangian; ii) the additional fields should be supplemented by appropriate additional gauge 
symmetries so that to retain on-shell D.o.F of the generic higher-derivative theory§; iii) real- 
ization of global conformal symmetries should be local. 

In this paper, we discuss ordinary-derivative formulation of free low spin conformal fields 
in space-time of even dimension d > 4. Ordinary-derivative theory of interacting spin 2 
conformal field in Ad general gravitational background, (i.e. ordinary-derivative form of the 
Ad conformal Weyl gravity) is discussed in Appendix Oj. 



2 Preliminaries 
2.1 Notation 

Our conventions are as follows. x A denotes coordinates in d-dimensional flat space-time, 
while &a denotes derivative with respect to x A , 8a = d/dx A . Vector indices of the Lorentz 
algebra so(d - 1, 1) take the values A, B,C, E — 0,1, ... ,d — 1. We use 2^ x 2^ Dirac 
gamma matrices 7 A in <i-dimensions, {7^, 7^} = 2r) AB , 7^ = 7°7 j4 7°, where r] AB is mostly 
positive flat metric tensor. To simplify our expressions we drop t\ab in scalar products, i.e. 
we use X A Y A = t] A bX a Y b . We adopt the notation □ = d A d A , <j) = ^ A d A , ad = a A d A , 

A A 9 A A 

7a = 7 a , a = a a . 

To avoid complicated tensor expressions we use a set of the creation operators a A , £, v®, 
v e , and the respective set of annihilation operators a A , Q, v e , v®, 

a A |0) = 0, C|0)=0, v ffi |0) = 0, t; e |0)=0. (2.1) 

These operators satisfy the commutators 

[a A ,a B }=r 1 AB , [C, C] = 1 , (2-2) 
[v®, v e } = l, [v e , v®] = l, (2.3) 

5 To realize those additional gauge symmetries we adopt the approach of Refs. lfT8l[T9l which turns out to be 
the most useful for our purposes. 

6 As a side of remark we note intriguing matching of spin 2 fields content of ordinary-derivative form of 4d 
conformal Weyl gravity and massless higher-spin AdS^ field theory. This this to say that the ordinary-derivative 
form of conformal Weyl gravity involves, besides spin 1 field, one metric tensor field and one rank-2 symmetric 
tensor field. The same spin 2 fields content (i.e. one metric tensor field and one rank-2 symmetric tensor field) 
appears in massless higher-spin AdS± field theory ||20ll . So a natural question whether this matching of spin 2 
fields content is accident. Recent interesting discussion of conformal symmetries of massless higher-spin AdS± 
field theory may be found in [21 1. 
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and will often be referred to as oscillators in what follow^. The oscillators a A , 6t A and (, (, 
v®, v e , v m , v e transform in the respective vector and scalar representations of the so(d — 1,1) 
Lorentz algebra and satisfy the following hermitian conjugation rules: 



« " = n--. ( j = (, (2.4) 



i; ffit = v® , t; et = v e . (2.5) 
Throughout this paper we use operators constructed out the oscillators, 

N a = a A a A , (2.6) 

iV ? = CC, (2-7) 

N v ® = v 9 v e , (2.8) 

N v e = v e v 9 , (2.9) 

N v = N v e + N v e , (2.10) 

and 2x2 matrices defined by 



a + =\ , o-_= , 7T + = , 7T_ = " " . (2.11) 







2.2 Global conformal symmetries 

The conformal algebra so(d, 2) of d dimensional space-time taken to be in basis of the Lorentz 
algebra so(d — 1, 1) consists of translation generators P A , conformal boost generators K A , 
and generators J AB which span so(d — 1, 1) Lorentz algebra. We assume the following nor- 
malization for commutators of the conformal algebra: 



[D, P A ] 


= -P\ 


[P A ,J BC ]= v AB P c - r] AC P B , 


(2.12) 


[D, K A ] 


= K A , 


[K A ,J BC }=r ] AB K c - V AC K B , 


(2.13) 




[P A , K B ] = 


r] AB D - J AB , 


(2.14) 




[J AB ,J CE ] 


= rj BC J AE + 3 terms . 


(2.15) 



7 We use oscillator formulation [22 23] [24) to handle the many indices appearing for tensor fields. It can 
also be reformulated as an algebra acting on the symmetric-spinor bundle on the manifold M ll25ll . Note that 
the scalar oscillators (, (, which appeared in gauge invariant formulation of massive fields, arise naturally by a 
dimensional reduction [26, 25 1 from flat space. It is natural to expect that 'conformal' oscillators v m , v e , v®, v e 
also allow certain interpretation via dimensional reduction. 
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Let \(f)) denotes field propagating in flat space-time of dimension d > 4. Let Lagrangian 
for the free field \<f>) be conformal invariant. This implies, that Lagrangian is invariant with 
respect to transformation (invariance of the Lagrangian is assumed to be by module of total 
derivatives) 

<y0) = %>, (2.i6) 

where realization of the conformal algebra generators G in terms of differential operators takes 
the form 

P A = d A , (2.17) 
jab = x A Q B _ x b 9 a + m ab ^ (2.18) 

D = xd + A, (2.19) 
K A = K A +R A , (2.20) 



and we use the notation 



K A M = -\x 2 d A + x A D + M AB x B , (2.21) 



xd = x A d A , x 2 = x A x A . (2.22) 

In (12.18l) - (12.20l) . A is operator of conformal dimension, M AB is spin operator of the Lorentz 
algebra, 

[M AB , M CE ] = r] BC M AE + 3 terms , (2.23) 

and R A is operator depending on derivatives with respect to space-time coordinates and not 
depending on space-time coordinates x A , 

[P A , R B ] = . (2.24) 

The spin operator of the Lorentz algebra is well known for arbitrary spin conformal field. In 
standard, i.e. higher-derivative, formulations of conformal fields, the operator R A is often 
equal to zero, while in ordinary-derivative approach, we develop in this paper, the operator R A 
is non-trivial. This implies that complete description of the conformal fields in the ordinary- 
derivative approach requires finding not only gauge invariant Lagrangian but also the operator 
R A as well. It turns out that requiring gauge invariance of Lagrangian and invariance with 
respect to global conformal symmetries allows us to fix both the Lagrangian and the operator 
R A uniquely. 
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3 Conformal scalar field 



As a warm up let us consider spin field (scalar field). To make contact with studies in earlier 
literature we start with presentation of the standard, i.e. higher-derivative, formulation for the 
scalar field. 



3.1 Higher-derivative formulation of conformal scalar field 

In the framework of the standard approach conformal scalar field <\> propagating in flat space 
of arbitrary dimension d is described by Lagrangian 

C = ^(pa 1+k ^, a = d A d A , (3.1) 

where k is positive integer. For k = 0, the Lagrangian describes field associated with unitary 
representation of the conformal algebra so(d, 2). For k > 1, the scalar field described by 
Lagrangian (13.11) turns out to related to non-unitary representation of the conformal algebraj. 
The field <p has conformal dimension 

A^ = ^l-k. (3.2) 



3.2 Ordinary-derivative formulation of conformal scalar field 

In the framework of ordinary-derivative approach, a dynamical system that on-shell equivalent 
to the conformal scalar field <\> with Lagrangian (13.11) and conformal dimension (13.21) involves 
k + 1 scalar fields 

o ,fc', k' = -k, —k + 2,...,k — 2,k, (3.3) 

k — arbitrary positive integer . (3.4) 

Subscript in </> 0jfe / denotes Lorentz algebra spin, while the subscript k' determines conformal 
dimensions of the fields (po,k''- 

A ^=^ + k '- (3-5) 



We note that, on-shell, the field 0o,-fc m (13.31) can be identified with the generic scalar field 
(ED, 

4> = 4>o,-k ■ (3.6) 



8 By now, representations of (super)conformal algebras that are relevant for elementary particles are well 
understood (for discussion of conformal algebras see e.g. j27l - ll3T1 and superconformal algebras in [32, 33]). In 
contrast to this, non-unitary representation deserves to be understood better. 
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In order to obtain the Lagrangian description in an easy-to-use form, we introduce creation 
operators v®, v e and the respective annihilation operators v e , v® and use ket-vector defined 
by 



k> 



k' = —k, -k + 2,...,k — 2,k. (3.7) 

The ket-vector (13.71 ) is immediately seen to be degree k homogeneous polynomial in the 
oscillators v m , v°, 

(N v - k)\<j>) = . (3.8) 

Ordinary-derivative Lagrangian can entirely be expressed in terms of the ket-vector \<j>). This 
is to say that Lagrangian we found takes the forrrj^ 



C=±(<f>\E\tf>), (3.9) 



where operator E is given b>0 



E = D-m 2 , (3.10) 
m 2 = v e v e . (3.11) 

Realization of conformal boost symmetries. To complete ordinary-derivative description 
of the scalar field we should provide realization of the conformal algebra symmetries on the 
space of the ket-vector \<f>). Largely, this realization for arbitrary spin field was already given 
in (|2.17l) - (12.20l) . All that is required is to fix operators M AB , A and R A for the particular case 
of the conformal scalar field. For the case of scalar field, the spin matrix of the Lorentz algebra 
is equal to zero, M AB = 0. Realization of the operator of conformal dimension A on space 
\4>) can be read from (13.51 ), 

A = ^ + A', (3.12) 
A' = N v e — N v e . (3.13) 
Representation of the operator R A on space of \<f>) is given by 

R A = -2v m v s> d A . (3.14) 



9 The bra- vector (<f>\ is defined according the rule (cj)\ — (\(f))) ' . 

10 We introduce mass-like term m 2 to show formal similarity between our Lagrangian and the one for massive 
field. 
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Plugging this operator in (12.201 ) we make sure that conformal boost generator satisfies the 
expected commutator [K A , K B ] = 0. 

We note that, having been introduced field content, the Lagrangian and the operator R A 
are fixed uniquely by requiring tha0 

i) Lagrangian should not involve higher than second order terms in derivatives; 

ii) the operator R A should not involve higher than first order terms in derivatives; 

iii) Lagrangian should be invariant with respect to global conformal algebra symmetries. 



4 Spin 1 conformal field 

We proceed with discussion of conformal field theory for spin 1 field which is the simplest ex- 
ample allowing us to demonstrate how gauge symmetries are realized in the ordinary-derivative 
approach. As before, to make contact with studies in earlier literature we start with presenta- 
tion of the standard, i.e. higher-derivative, formulation for the spin 1 field. 



4.1 Higher-derivative formulation of spin 1 conformal field 

In the framework of the standard approach, spin 1 conformal field <\> A propagating in flat space 
of arbitrary dimension d > 4 is described by Lagrangian 

C = ~F AB D k F AB , F AB = d A 4> B -d B 4, A , (4.1) 

k^. (4.2) 

We see that for the case of spin 1 field the integer k turns out to be fixed by dimension of 
space-time. For k = (i.e., d = 4), the Lagrangian (14.11 ) describes Maxwell vector field 
which is associated with unitary representation of the conformal algebra so(4, 2). For k > 1 
(i.e., d > 6), the spin 1 field, described by the Lagrangian (14.11) . associates with non-unitary 
representation of the conformal algebra so(d, 2). The field <p A has conformal dimension inde- 
pendent of space-time dimension, 

A^a = 1 . (4.3) 

Let us now discuss on-shell D.o.F of the conformal theory under consideration. For this pur- 
pose it is convenient to use fields transforming in irreps of the so(d — 2) algebra. Namely, we 
decompose on-shell D.o.F into irreps of the so(d — 2) algebra. One can prove (see Appendix 
A for details) that on-shell D.o.F are described by k + 1 vector fields 4>[ k , and k scalar fields 



1 1 Various alternative discussions of higher-derivative theories may be found in 
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<PO,k'- 

<p{ tk , k' = —k, —k + 2,...,k — 2,k; (4.4) 
o ,fc', k' = -k+ l,-fc + 3, ...,k-3,k- 1, (4.5) 

where vector indices of the so(d — 2) algebra take values I = 1, 2, . . . , d — 2. The fields 0{ fe , 
and O) fc' transform in the respective vector and scalar representations of the so(d — 2) algebra. 
We note that the scalar on-shell D.o.F (14.51) appear only in d > 6 (i.e., k > 1). Total number 
of on-shell D.o.F given in (I4.4I) . (I4.5I) is equal to 

v = ]-d(d - 3) . (4.6) 

Namely, we note that v is a sum of on-shell D.o.F for vector fields, v{<pi^i), and on-shell D.o.F 
for scalar fields, v((f>o,k')> given in (14.41 ) and ( 14.51) respectively: 

zy(0 1)fe ,) = d - 2, fc' = -fc, -fc + 2,..., k- 2, fc , (4.8) 
i/(0 Ojfc/ ) = l, fe / = -ife + l,-ife + 3,...,ife-3,ife-l. (4.9) 

4.2 Ordinary-derivative formulation of spin 1 conformal field 

Field content. To discuss ordinary-derivative and gauge invariant formulation of spin 1 con- 
formal field in flat space of dimension d > 4 we use k + 1 vector fields (f>f k , and k scalar fields 

4>0,k'' 

<$ >w k' = -k,-k + 2,...,k-2,k; (4.10) 
o ,fe', fc' = ~k+ l,-fc + 3, ...,fc-3,fc- 1; (4.11) 

k = ^- (4-12) 

The fields and (j) 0tk > transform in the respective vector and scalar irreps of the Lorentz 
algebra so(d — 1,1). Note that the scalar fields o ,fc' (14.1 II) appear only in d > 6 (i.e. k > 1). 
Also, we note that the fields 4>f k , and (fi ^' (I4.10I) . (I4.1 II) have conformal dimensions 

\ tkl -^+k', A, okl = d -^ + k'. (4.13) 

Comparison of on-shell D.o.F given in (14.41) . (14.51) and Lorentz fields (I4.10I) . (I4.1 II) demon- 
strates general rule to be used to obtain field content of gauge invariant ordinary-derivative 
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formulation. Namely, all that is required is to replace on-shell fields of the so(d — 2) algebra 
by the respective fields of the Lorentz algebra so(d — 1, 1)0. 

In order to obtain the gauge invariant description in an easy-to-use form we use a set of 
the creation operators a A , (, v B , v e , and the respective set of annihilation operators, a A , (, 
v e , v®. The fields (|4.10I) . (I4.1 II) can then be collected into a ket-vector defined by 

I0) = l0i) + Cl0o), (4.14) 

k> 

k! = -k, —k + 2,...,k — 2,k; (4.15) 



fc — ~L-\-k f k 1 fe 

100) = E^ 9 )^^ 9 )^ <M*)I°> ' 
V 

k! = -fc + l,-fc + 3,...,fc-3,fc-l. (4.16) 

From (I4.14I) - (I4.16I) . we see that 

a) the ket-vector |0) is degree 1 homogeneous polynomial in the oscillators a A , £, i.e., |0) 
satisfies the relation 

(7V Q + 7V C )|0) = |0); (4.17) 

b) the ket-vector \<p) is degree k homogeneous polynomial in the oscillators (, v B , v e ; i.e. |0) 
satisfies the relation 

(iV c + i\y|0) = A#); (4.18) 

c) the ket-vectors |0i) and |0 O ) are tne respective degree k and fc — 1 homogeneous polynomials 
in the oscillators v®, v e , i.e. and |0o) satisfy the relations 

N v \fa) = , iV„|0 o ) = (k - l)|</»o) . (4.19) 

Below we shall see that it is the scalar fields (14.1 II) collected in |0 O ) that are the Stueckelberg 
fields in the framework of the ordinary-derivative approach. Having described field content, 
we are ready to discuss Lagrangian in the framework of ordinary-derivative approach. 
Lagrangian. Lagrangian we found takes the form 

C = ^\E\<j>), (4.20) 

12 Such a rule can be used when there is one-to-one mapping between spin labels of the so(d — 2) algebra and 
those of the Lorentz algebra so(d — 1, 1). 
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where operator E is defined by relations 

E = E m +E w +E l0) , (4.21) 

E m = □ - adad , (4.22) 
E m = e x ad - e\ad , (4.23) 
E m = m x , (4.24) 

ei=i; e C, (4.25) 

e t 1 = C^ e , (4.26) 

m x = v e v e (N ( - 1) . (4.27) 

We note that E {2) (14.221) is standard second-order Maxwell operator rewritten in terms of the 
oscillators. 

Gauge transformations. We now discuss gauge symmetries of the conformal theory under 
consideration. To this end we introduce gauge transformation parameters 



0,fc'-l 



k' = —k, —k + 2,...,k — 2,k. (4.28) 



The gauge transformation parameters eo ; k' are scalar fields of the Lorentz algebra so(d — 1,1). 
As usually, we collect e y in ket- vector |e) defined by 



< i < 



k' 

k' = -k,-k + 2,...,k-2,k. (4.29) 
The ket- vector of gauge transformation parameters |e) satisfies the algebraic constraint 

N v \e)=k\e), (4.30) 

which tells us that |e) is a degree k homogeneous polynomial in the oscillators v m , v e . 
In terms of \<f>) and |e), gauge transformations take the form 



8\<j>) = (ad + h)\e), 
h = (v e . 
11 



(4.31) 
(4.32) 



Two remarks are in order. 

i) Making use of (I4.14I) . (I4.29I) it is easy to see that gauge transformations for the ket- vector 
(14.311 ) lead to the following gauge transformation for the component fields: 



5(f) 



'l,k' 




(4.33) 



(4.34) 



From (14.341) . we see that all the scalar fields <fi ,k' (14.111) can be gauged away, i.e. these scalar 
fields are nothing but the Stueckelberg fields in the framework of the ordinary-derivative ap- 
proach. Thus, we see that our Stueckelberg fields are similar to those used for gauge invariant 
formulation of massive spin 1 field, i.e. all the Stueckelberg fields can be gauged away. 

ii) There is some difference as compared to gauge formulation for massive field. For the 
case of massive spin 1 field, number of gauge transformation parameters is equal to number 
of Stueckelberg fields. In our case, number of gauge transformation parameters is greater than 
number of the Stueckelberg fields. This is to say that we have k + 1 gauge transformation 
parameters (see (14.281) ) and k Stueckelberg fields (see (|4.1 II) ). This implies that having gauged 
away the Stueckelberg fields we still have one surviving gauge symmetry that is generated by 
gauge parameter e 0) -fc-i. This surviving gauge symmetry is nothing but the gauge symmetry 
of the generic higher-derivative formulation (14.11) . 

Realization of conformal boost symmetries. To complete ordinary-derivative formulation 
we provide realization of the conformal algebra symmetries on space of the ket- vector \<p). All 
that is required is to fix operators M AB , A and R A for the case of spin 1 conformal field and 
then use relations given in (|2.17I) - (I2.20I) . For the case of spin 1 field, the spin matrix of the 
Lorentz algebra takes the form 



Realization of the operator of conformal dimension A on space of \<f>) can be read from (14.131) . 



M 



AB 




(4.35) 



A 



d-2 



+ A', 



2 



(4.36) 



A' = N v @ - N v e . 



(4.37) 
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Representation of the operator R A on space of \<f>) is given by 

R A = R A + R A + R A } (4.38) 





A 

= r 0tl a 


t -A 


(4.39) 


R A 


= n A d A . 


1 


(4.40) 


R G 


= Gr A 


r A = r G>1 a A , 


(4.41) 




ro,i = 




(4.42) 




4,i = 


2C,v\ 


(4.43) 




n,i = 




(4.44) 




r G ,i = 


v ®r aA v® , r G) i = r Gi i(A') , 


(4.45) 



where G (14.411) stands for operator of gauge transformation (14.311) . G = ad + b±, and r G) i 
(14.451) is arbitrary function of the operator A'. 
Two remarks are in order. 

i) From d4.38h - d4.45l) . we see that R A and R A parts of the operator R A are fixed uniquely, 
while R A part, in view of arbitrary r G) i, is sill to be arbitrary. Reason for arbitrariness in R A 
is obvious. Global transformations of gauge fields are defined by module of gauge transfor- 
mations. Because of R A is proportional to gauge transformation operator G, action of R A on 
gauge field takes the form of some special gauge transformation. 

ii) Evaluating commutator [K A , K B \, we obtain [K A , K B ] ~ Gr AB , where r AB is some 
differential operator, i.e. commutator of conformal boost generator K A is proportional to the 
operator of gauge transformation, as it should in gauge theory. If we impose requirement 
[K A , K B ] = 0, which amounts to r AB = 0, then we obtain equations for f G l . Solution to 
these equations takes the form 

4 

r G) i=-r— — , c ^ -k + l,-k + 3,...,k-3,k- 1, (4.46) 

A' + c 

where Co is constant. Condition on Co in (14.461) is obtained by requiring that the operator R A 
be well defined when acting on the ket- vector \<p) (|4.14l) . Note that the simplest representative 
R A = is achieved by taking c = oo. 

We summarize our result in this section. We started with field content implemented by 
analysis of on-shell D.o.F of higher-derivative spin 1 conformal theory and look for ordinary- 
derivative formulation by requiring that: 

i) Lagrangian should not involve higher than second order terms in derivatives. 
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ii) gauge transformations and operator R A should not involve higher than first order terms in 
derivatives. 

iii) Lagrangian should be invariant with respect to gauge transformations and global conformal 
algebra transformations. 

These requirements fix Lagrangian and gauge transformations uniquely. The operator R A 
is fixed uniquely by module of gauge transformation operator, as it is expected in any theory 
of gauge fields. 

We finish discussion of ordinary-derivative formulation of spin 1 conformal theory by pre- 
senting component form of the Lagrangian and the gauge transformations for the case of spin 1 
conformal field in d = 6 (i.e. k = 1). This is the simplest example involving the Stueckelberg 
fields. 

Spin 1 conformal field in d = 6. For this case, our approach involves two vector fields 4> A V 
4> A _i and one scalar Stueckelebrg field o ,o (see (14.10l) . (14.1 II) ). In terms of these fields, the 
Lagrangian (|4.20l) takes the form 

C = cj) A ^{rj AB \Oi — d A d B )(f) B _ 1 + ^00,0^00,0 

- o ,o<9 A <i - l^t, ■ (4.47) 
This Lagrangian is invariant with respect to gauge transformations (14.311) . 

= <9%_ 2 , (4.48) 

6^ = d A e , , (4.49) 

50o,o = eo,o • (4.50) 

From (14.501) . we see that the scalar field o ,o is indeed the Stueckelberg field. Using E.o.M for 
the field (f) A 1 allows us to solve the field <j) A 1 in terms of the remaining fields, 

0^ = (r, AB n - d^)^ - d A <p Qfl . (4.51) 

Plugging this solution in Lagrangian (14.471) gives the standard higher-derivative Lagrangian 
(1411) for d = 6, 

£ = \K-i u ^ AB V - d A d B )<Pl^ . (4.52) 

5 Spin 2 conformal field 

We proceed our study of ordinary-derivative formulation of conformal field theory with dis- 
cussion of spin 2 conformal field. In the literature, such field is often referred to as conformal 
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Weyl graviton. As before, to make contact with studies in earlier literature we start with pre- 
sentation of the standard, i.e. higher-derivative, formulation for the spin 2 conformal field. In 
due course, we review our result concerning the counting of on-shell D.o.F for spin 2 confor- 
mal field. 



5.1 Higher-derivative formulation of spin 2 conformal field 

In the framework of the standard approach, spin 2 conformal field 4> AB propagating in flat 
space of arbitrary dimension d > 4 is described by Lagrangian 

C= L C ABCE D k-l C ABCE a <> ^ Azl ^ (5 1} 

a 2 d — 2 

k = ^ , (5.2) 

where C ABCE is the Weyl tensor. The field <p AB has conformal dimension A^ab = 0. La- 
grangian (15.11 ) can be rewritten as 

1 

4 

and we use notation as in (TJ: 



£ = -Aab^ x P^ B ' , (5.3) 



r>AB — R 1 ^AB^ fc a\ 

F A , B , = vr (j4 ,7r B/) - -j—^ t^A'B' , (5.4) 

n AB = V AB -^. (5-5) 

Lagrangian (15.31) is invariant with respect to linearized diffeomorphism and local Weyl gauge 
transformations 

5<p AB = d A £ B + d B t A , (5.6) 

64 AB = V AB £, (5.7) 

where £ A and £ are the respective diffeomorphisms and Weyl gauge transformation parameters. 

We now discuss on-shell D.o.F of the conformal theory under consideration. As before, 
to discuss on-shell D.o.F we use fields transforming in irreps of so(d — 2) algebra. One can 
prove (see Appendix B for details) that on-shell D.o.F are described by k + 1 rank-2 traceless 
symmetric tensor fields 4>[ J k ,, k vector fields 4>[ k ,, and k — 1 scalar fields 0o,fc' : 

0" k' = -k,-k + 2,...,k-2,k; (5.8) 



k' = -k+ l,-fc + 3,...,fc-3,fc- 1; (5.9) 
fc' = -Jfe + 2,-A; + 4,...,A;-4,A;-2, (5.10) 
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I, J = 1, . . . , d — 2. Note that scalar on-shell D.o.F (15.101) appear in spin 2 conformal theories 
only in d > 6 (i.e. k > 2). Total number of on-shell D.o.F shown in (15.8I) - (15.10I) is given by 

i/=-d(d-3)(d+2). (5.11) 



We note that this v is a sum of D.o.F for fields given in (15.8l) - (15.10li 13 l : 

V = V{<hje') + ^2 Z/ (^ 1 ' fc ') + U ^,k') > ( 5 - 12 ) 
fc' fe' fe' 

= d(d ~ 3) , fc' = -fc, -fc + 2, . . . , fc - 2, fc ; (5.13) 

v((f) 1>k ,) = d - 2, fc' = + l,-fc + 3,...,fc-3,fc- 1; (5.14) 

i/(0o )fc ,) = l, */ = -k + 2,-k + A,...,k-A,k-2. (5.15) 

For various dimensions, the v and the decomposition (15.121) are as follows: 

d = A v = 6 2x 2 2 + lx2 1 + 0xl 

rf = 6 z/ = 36 3x 9 2 + 2x 4 1 + lxl 

(5.16) 

d = 8 z/ = 100 4 x20 2 + 3 x 6i + 2 x 1 

d=10 z/ = 210 5 x35 2 + 4 x 8i + 3 x 1 

In last column in (15.161) in expressions like X x ~Y Z , the Y stands for dimension of spin Z 
totally symmetric irreps of the so(d — 2) algebra, while X stands for multiplicity of the spin 
Z irreps of the so(d — 2) algebra. 



5.2 Ordinary-derivative formulation of spin 2 conformal field 

Field content. To discuss ordinary-derivative and gauge invariant formulation of spin 2 con- 
formal field in flat space of dimension d>4we use k + 1 rank-2 symmetric tensor fields 
k vector fields 4>f k i, and k — 1 scalar fields o ,fc'- 

k' = -k,-k + 2,...,k-2,k] (5.17) 
<^ fc , , fc' = -Jfe+ 1, — + 3, . . . ,fc — 3, fc — 1; (5.18) 
0o, fc ', fc' = -A; + 2, -A; + 4,..., A; -4, A; -2; (5.19) 

13 Total D.o.F given in ( 15. 1 It was found in [1 J. Decomposition of v ( 15.121 ) into irreps of the so(d — 2) algebra 
for the case of d = 4 spin 2 conformal field theory was carried out in ll37l . In Appendix B, we use light-cone 
approach to generalize result of the latter reference to case of arbitrary d > 4. 
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k = . (5.20) 

The fields 4> A y, (f> A k > and O ,A;' are the respective rank-2 tensor, vector, and scalar fields of 
the Lorentz algebra so(d — 1, 1). Note that the scalar fields (15.191 ) appear only in d > 6 (i.e. 
k > 2). Also, we note that the fields in (I5.17l) - (|5.19l ) have conformal dimensions 

d - 2 ,/ a d ~ 2 ,/ a d-2 



2,fc' V ^l.fc' 



As before, we use the oscillators a A , £, v®, v e to collect the fields (I5.17l) - (|5.19l) into a 
ket-vector \<p) defined by 

I0) = l0 2 ) + Cl0i) + C 2 |0o), (5-22) 



fe) = £oVV)" T > e )" T " ^(*)|0> , 
fc' 

fc' = -k,-k + 2,...,k-2,k; (5.23) 



fc' = -fc + l,-fc + 3,...,fc-3,fc-l; (5.24) 



I0o) s <M*)|0> , 

fc' 

fc / = -Jfe + 2,-A; + 4,...,A;-4,A;-2. (5.25) 

From (I5.22l) - (|5.25l) . we see that the ket-vector \<fr) is degree 2 homogeneous polynomial in the 
oscillators a A , ( and degree k homogeneous polynomial in the oscillators £, -u ffi , -u e . In other 
words, the ket-vector \<p) satisfies the relations 

(N a + N c )\<f ) ) = 2\(f ) ), (5.26) 
(N c + N v )\<f>) = k\<f>). (5.27) 

Also, note that the ket-vectors |</> 2 ), |0i), and |0 O ) are the respective degree k, k — 1, and — 2 
homogeneous polynomials in the oscillators u e , i; 9 , i.e., these ket-vectors satisfy the relations 

N v \fa) = k\<j> 2 ) , N v \fa) = (k - 1)|0!) , N v \<t> ) = (k - 2)|0 O ) • (5.28) 
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We note that ket-vector |0 O )> which collects the scalar fields (15.191 ), appear only in d > 6 (i.e. 
k > 2). 

Lagrangian. Lagrangian we found takes the form 

C = ^<0W>, (5-29) 

where operator E is given by 

E = E m + E w + E m , (5.30) 

E {2) = □ - adad + -{ocdfa 2 + ^a 2 (a<9) 2 - ^a 2 D« 2 , (5.31) 

E {1) = ei(a<9 — a 2 a<9) — ej(a<9 — a<9a 2 ) , (5.32) 

£7 (0) = mi + a 2 a 2 m 2 + m 3 a 2 + m\a 2 , (5.33) 

mi = v e v e i + 2 ~ N < (N c -1), (5.36) 

m 2 = , (5.37) 



1 ^-^ 1/2 ,e.,e^ 



ms = - 2 {j^) v^C, (5.38) 
l^-^ 1/2 ^-, e .-,e 



m 3 = 2l^2y c ^ e - (539) 

We note that E (2) (15.311) is standard second-order Einstein-Hilbert operator rewritten in terms 
of the oscillators. 

Gauge transformations. We now discuss gauge symmetries of the Lagrangian. To this end 
we introduce gauge transformation parameters, 

e^,_ 1; k' = -k, —k + 2,...,k — 2,k; (5.40) 

e ofc ,_ 1 k' = -k+ l,-fc + 3,...,fc-3,fc- 1. (5.41) 
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The gauge transformation parameters e± k , and e 0)k > are the respective vector and scalar fields of 
the Lorentz algebra so(d — 1,1). Then, as usually, we collect gauge transformation parameters 
in ket- vector |e) defined by 

|e) = h> + Cko>, (5-42) 

| Cl > = « a k)^m^ ^_i(x)io> , 

k' 

k' = -k, —k + 2,...,k — 2,k; (5.43) 

k-l+k' fc-l-fc' 

k' 

k' = -k + l,-k + 3,...,k-3,k-l. (5.44) 

The ket- vector |e) satisfies the algebraic constraints 

(N a + N c )\e) = \e), (5.45) 
(N c + N v )\e) = k\e), (5.46) 

which tell us that |e) is a degree 1 homogeneous polynomial in the oscillators a A , ( and degree 
k homogeneous polynomial in the oscillators (, v®, v e . The ket-vectors |ei) and |e ) satisfy 
the algebraic constraints 

NM = , N v \<f>o) —(k — 1)|0 O ) , (5.47) 

which imply that |ei) and |e ) are the respective degree k and k — 1 homogeneous polynomials 
in the oscillators v®, v e . 

Gauge transformations can entirely be written in terms of \<j>) and |e). This is to say that 
gauge transformations take the form 



= (ad + h + b 2 a 2 )\e) , (5.48) 



Two remarks are in order. 
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Using (|5.22| ), (|5.42|) one can make sure that the gauge transformations (15.481 ) lead to the 
following gauge transformations for the component fields: 

^2% ~ + d B 4,w-i + V AB to,k< , (5-51) 

Scf> A kl ~ d A e , k ,-i + e A k , , (5.52) 
<50o,fc' ~ eo,fe' • (5.53) 

From (I5.52I) . (I5.53I) . we see that all the vector fields <\> A k , and the scalar fields 0o,fc' can be 
gauged away, i.e. these fields are nothing but the Stueckelberg fields in the framework of the 
ordinary-derivative approach. Thus, we see that all Stueckelberg fields of ordinary-derivative- 
approach can be gauged away, as in the case of gauge invariant formulation of massive spin 2 
field. 

ii) However there is some difference as compared to gauge formulation for massive spin 2 
field. For the case of massive spin 2 field, number of gauge transformation parameters is equal 
to number of Stueckelberg fields. In our case, the number of gauge transformation parameters 
is greater than the number of Stueckelberg fields. This is to say that, firstly, we have k + 1 vec- 
tor gauge transformation parameters (see (15.401) ) and k Stueckelberg vector fields (see (15.181) ). 
secondly, we have k scalar gauge transformation parameters (see (15.411) ) and k — 1 Stueckel- 
berg scalar fields (see (I5.19I )). This implies that having gauged away the Stueckelberg vector 
fields and Stueckelberg scalar fields we still have one surviving gauge symmetry that is gen- 
erated by vector gauge transformation parameter e^ 4 _ fc _ 1 and one surviving gauge symmetry 
that is generated by scalar gauge transformation parameter eo ,-fc. These two surviving gauge 
symmetries are nothing but the gauge symmetries of the generic higher-derivative formulation 

(ra.CT. 

Realization of conformal boost symmetries. To complete ordinary-derivative formulation 
of spin 2 field we provide realization of the conformal algebra symmetries on the space of the 
ket-vector All that is required is to fix operators M AB , A and R A for the case of spin 2 
conformal field and then use these operators in (|2.17|) - (|2.20| ). For the case of spin 2 field the 
spin matrix of the Lorentz algebra takes the form 

M AB = a A a B - a B a A . (5.54) 
Realization of the operator of conformal dimension A on space of \<p) can be read from (|5.21l) . 

A = ^ + A', (5.55) 
A' = N v ® - N v e . (5.56) 
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Representation of the operator R A on space of \<f>) is given by 

R A = R A + R A + R A , (5.57) 

R A = r 0A (a A - j^a 2 a A ) - 4 A a A , (5.58) 

R? = r 1A d A , (5.59) 

R A = Gr A , (5.60) 

r A = r GA a A + r G , 2 a A + r G ^a A a 2 , (5.61) 



d-N c \V2 



r x i = -2i; e i;® , (5.64) 



G.o 



^ e r G , a ^ e , a = 1,3; (5.65) 



r G ,a = ^ e ^ e r G , a C 2 , a = 2 (5.66) 

r G ,a = r G , a (0,AO(l-iV c ) 

+ f G , a (l,A')iV ? , a =l (5.67) 

r Gja = f Gja (A') , a = 2, 3, (5.68) 

where G (15.601) stands for operator of gauge transformation (15.481) . G = ad + b\ + 6 2 a 2 , and 
?g,1' ^g,2» ^g,3 (14.451) are arbitrary functions of the operator A'. 
Two remarks are in order. 

i) R A and R A parts of the operator R A are fixed uniquely, while R G part, in view of 
arbitrary r G l , r Gj2 , r Gj3 , is still to be arbitrary. Reason for arbitrariness in R A is obvious. 
Global transformations of gauge fields are defined by module of gauge transformations. Since 
R G is proportional to G, action of R G on gauge field takes the form of some special gauge 
transformation. 

ii) Evaluating commutator [K A , K B \, we obtain [K A , K B ] ~ Gr AB , where r AB is some 
differential operator. In other words, [K A , K B ] is proportional to the operator of gauge trans- 
formation, as it should in gauge theory. If we impose requirement [K A , K B ] = 0, which 
amounts to r G B = 0, then we obtain equations for r G>a . There are two solutions to these 
equations: 
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1st solution: 



r G) i(0, A') = — — , x h0 ± -k + 1, -k + 3, . . . , k - 3, k - 1 , (5.69) 



A' + xi, 
A' + 

A' + 1 + xi, ' 
2 

6i(l)fc(fc - x M/ 



^q,i(1) A 7 ) = A< — . ./•.[. [ -/- — /.'. — /.' + 2 k-2.k. (5.70) 

r G , 2 = A , , X l \ , ?,., = {). (5.71) 

L,0 

2 

= ~ ; : ; ~{{k + l)x lt i - kx h0 ) . (5.72) 



2nd solution: 



r G)1 (0,A') =0, (5.73) 
4 

A' + 2/1,1 

2 

A' + 1 + 2/3 
2 

A' + 2/3 



r G ,i(l, A') = ^ i- • . ,/,.., ,/ -/,-. — A- + 2 - 2. k . (5.74) 

^g,2 = A/ ' 2/3 ^ -A; + 1, -A; + 3, . . . , A; - 3, A; - 1 , (5.75) 

?g,3 = irr~ x , (5-76) 



y 2 = 2 + ky 3 + k(k + 2)) . (5.77) 

6i(l)fc(fc - 2/1,1) 

In (|5.69I) - (I5.75I) . xi j0 a?i,i, 2/1,1 2/3 are constants and &i(l) = (^E^) 1 / 2 - Conditions on these 
constants (see (15.691) . (15.701) . (15.741) . (15.751) ) are obtained by requiring that the operator be 
well defined when acting on the ket- vector \<p) (15.221) . Note that the simplest representative 
Rq = is achieved by taking x ,i = xi,i = 00 and 2/1,1 = 2/3 = °°- 

We finish discussion of ordinary-derivative formulation of spin 2 conformal theory by pre- 
senting component form of the Lagrangian and the gauge transformations for the case of spin 
2 conformal field in d = 4 (i.e. k = 1). This is the simplest conformal theory of spin 2 field 
involving the Stueckelberg field. 

Spin 2 conformal field in d = 4. For this case, our approach involves two rank-2 tensor 
fields 4>2i, 4>2 B \ an d one vector Stueckelebrg field <fif (see (I5.17I) . (I5.18I) ). In terms of these 
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fields, the Lagrangian (15.291 ) takes the forrr0 



where the second-derivative Einstein-Hilbert and Maxwell operators E EH , E Max are given by 

(E EH (f)) AB = n<t> AB - d A (d<p) B - d B (d<f)) A + d A d B <f) + 7] AB (dd(j) - u<f>) , 

{dcj>) A = d B (j> AB , 9^ = 9^V B , = 0^, (5-79) 



{E Ma J) A ^U<j> A -d A d B <j> B . (5.80) 
In terms of component fields, the gauge transformations (15.481) take the form 

H2 B -i = d A e B -2 + d B eU - ^%_ a (5.81) 

84j* = d A e B + d B e A fi , (5.82) 

5<f ) A = d A eo,-i + el . (5.83) 

From (15.831) . we see that vector field 4> A is the Stueckelberg field. Variation of action with 
respect to the field 4> AB gives E.o.M which allow us to solve 4> AB in terms of the remaining 
fields (j) AB _i and 4> A . Plugging solution for (j> A f in Lagrangian gives the standard higher- 
derivative Lagrangian (15.31) in terms of the conformal graviton field <\> AB = 4> AB _i. 

We note that, as in case of spin 1 conformal theory, we derived the Lagrangian, gauge 
transformations, and operator R A by imposing the following requirements: 

i) Lagrangian should not involve higher than second order terms in derivatives. 

ii) gauge transformations and operator R A should not involve higher than first order terms in 
derivatives. 

iii) Lagrangian should be invariant with respect to gauge transformations and global conformal 
algebra transformations. 

These requirements allow us to fix Lagrangian, gauge transformations, and operator R A 
uniquely for arbitrary d > 4. For the case of spin 2 conformal field in d — 4, we find 
alternative derivation based on approach of Ref.[38J. This alternative derivation is outlined 
in Appendix C. In Appendix C, we also present ordinary-derivative form of spin 2 conformal 
theory in general gravitational background. 



14 Note that, as compared to normalization used in d5.29b .( l5~48b we made re-scaling (pfi ~> |^%F > < t > 2 B 



2^2. 



1 

B ! in (l5?78l -( f5~82T> . 
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6 Spin 1/2 conformal fermionic Dirac field 



We now extend our discussion to the case of conformal half-integer spin fermionic fields. 
As a warm up we start with fermionic spin 1/2 Dirac field. To make contact with studies in 
earlier literature we start with presentation of the standard higher-derivative formulation for 
the fermionic field. 



6.1 Higher-derivative formulation of spin 1/2 conformal fermionic field 

In the framework of the standard approach, spin 1/2 conformal fermionic field propagating in 
flat space of arbitrary dimension d is described by Lagrangian 

\C = i)U k ^ ) (6.1) 

where k is positive integer, ip = V^7°> an d 4> stands for complex- valued non-chiral Dirac 
fielfl Here and below spinor indices are implicit. For k — 0, the Lagrangian (16.11) describes 
field associated with unitary representation of the conformal algebra so(d, 2). For k > 1, 
fermionic field described by Lagrangian associates with non-unitary representation of the con- 
formal algebra. The field ip has conformal dimension 

A^ = — k . (6.2) 

6.2 Ordinary-derivative formulation of spin 1/2 conformal fermionic 
field 

Field content. In the framework of ordinary-derivative approach, a dynamical system that on- 
shell equivalent to the single non-chiral Dirac field ip with Lag rangian (|6.1I) and conformal 
dimension (16.21 ) is described by 2k + 1 non-chiral Dirac fields^j, 

ip ,k>, k' = -k,-k + 2,...,k-2,k, (6.3) 

ipo jk , , k' = -k + 1, -k + 3, . . . , k - 3, k - 1 , (6.4) 

k— arbitrary positive integer . (6.5) 

Subscript in il> 0jk i denotes integer part of Lorentz algebra spin, while the subscript k' deter- 
mines conformal dimensions of the fields ip^y (|6.3I) . (|6.41) : 

V„ = ^ + k' . (6.6) 



15 Chiral fermionic field can be introduced by allowing the field i/j to be positive-chirality (or negative- 
chirality). 

16 Chiral fermionic fields can be introduced by allowing the fields in ( 16.31 ) to be positive-chirality (or negative- 
chirality), while the fields in (16.4b to be negative-chirality (or positive-chirality). 
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We note that, on-shell, the field ifto-k m ( 16.3ft can be identified with the generic fermionic field 
(IO . 

ip = if) -k ■ (6.7) 

In order to obtain the Lagrangian description of a conformal field in an easy-to-use form 
we use the creation and annihilation operators v®, v e , v e , v®. Using creation operators v m , 
v e , we collect fields (|6.3I) . (16.41) into 2-vector ket-vector \ip) defined by 



|V (0) ) 
|V>«) 



(6.8) 



k> 

k' = -k,-k + 2,...,k-2,k; (6.9) 

|V> (1) > = X> e )^(u e )^iM*)|o), 

k' = -k+ l,-Jfe + 3,...,Jfe-3,Jfe- 1. (6.10) 

Definition of the ket-vector |^) (16.81) implies the following algebraic constraints 

(N v -k)7r+\iP) = 0, (6.11) 
(A^ - £; + 1)tt_[V> = 0. (6.12) 

The constraints (16.111) and (16.121 ) tell us that the ket-vectors |^ (0) ) (I6T91 and (I6T91 ) are the 
respective degree k and fc — 1 homogeneous polynomials in the oscillators v®, v e . 

Lagrangian. Lagrangian of the conformal theory under consideration can be written in the 
forrrfj 

i£=(VW>, (6-13) 

where operator E is given by 

E = ft +mi, (6.14) 
mi = i) e cr_ + v G a + . (6.15) 

Realization of conformal boost symmetries. To complete ordinary-derivative description of 
the spin 1/2 field we provide realization of the conformal algebra symmetries on the space of 
the ket-vector All that is required is to fix operators M AB , A and R A for the case of spin 

I7 The bra-vector (^| is defined according the rule — (IV 1 )) 7° • 
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1/2 conformal fermionic field and then use these operators in general relations (|2.17|) - (|2.20|) 
which are valid for arbitrary spin fields. For the case of spin 1/2 field the spin matrix of the 
Lorentz algebra takes the form 

M AB = - 1 AB . (6.16) 
Realization of the operator of conformal dimension A on space of \<f>) can be read from (16.61) . 

A = ^ + A', (6.17) 

A' = N v m - N v e . (6.18) 
Representation of the operator R A on space of \ip) is given by 

R A = R A + R A + R A , (6.19) 

R A = r r ^ A , (6.20) 

Rf = r 1A d A , (6.21) 
R A = r E<ll A E, (6.22) 

rji = v®a„ - v B a + , (6.23) 

r M = -2u®u® , (6.24) 

r E ,i = v®r Eil -V m 7r„ + v®r Bj i + v®7T + , (6.25) 

r JB ,i±=f B) i±(A / ), (6.26) 

ri >1± = r E)1 ± , (6.27) 

where E appearing in (16.221 ) is defined in (16.141) and r E i± (16.261 ), subject to hermicity condition 
(16.271) , is arbitrary function of the operator A'. 

This form of the operator R A is fixed uniquely by requiring that the Lagrangian be invariant 
with respect to transformations generated by conformal boost operator K A . 

Two remarks are in order. 

i) R A and Rf parts of the operator R A are fixed uniquely, while R A part, in view of 
arbitrary r Bj \±, is still to be arbitrary. Reason for arbitrariness in R A is obvious. Any global 
transformations of fermionic fields which are realized as differential operators acting on \ip) 
are defined by module of terms proportional xE, where x is arbitrary operator satisfying the 
hermitian conjugation condition = ^xj . This condition, in view (|6.27l) . is respected 
by operator x = r E ^ A which enters in R A , (|6.22l) . This, the operator R A generates some 
non-gauge symmetries of the Lagrangian. 
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ii) Evaluating commutator [K A , K B ], we obtain [K A , K B ] ~ r AB E, where r AB is some 
operator. In other words, [K A , K B ] is proportional to the operator E. If we impose require- 
ment [K A , K B ] = 0, which amounts to r AB = 0, then we obtain equations for r B) i±. Solution 
to these equations takes the form: 

r E) i+ = const , for k = 1; (6.28) 
r B>1± = , for k > 2 . (6.29) 

Note that, for k — 1, r E ,i- = 0. 



7 Spin 3/2 conformal fermionic Dirac field 

We now extend our discussion of fermionic fields to the case of spin 3/2 conformal fermionic 
field. As before to make contact with studies in earlier literature we start with presentation of 
the standard, i.e. higher-derivative, formulation for the fermionic spin 3/2 Dirac field. In due 
course, we review our result concerning the counting of on-shell D.o.F for spin 3/2 conformal 
field. 



7.1 Higher-derivative formulation of spin 3/2 conformal fermionic Dirac 
field 

In the framework of the standard approach, spin 3/2 conformal fermionic Dirac field propagat- 
ing in flat space of arbitrary dimension d > 4 is described by Lagrangian 



where ip A stands for non-chiral vector- spinor complex- valued Dirac fielco Spinor indices of 
the fermionic field if) A are implicit. The field ip A has conformal dimension A^a = 1/2. The 
operator P A , B and its basic properties are as follows 
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pAB — AB x AA'BB'A'B' (n \ 

^3/2 = - 7 7, W-2) 
r) A F) B 

* AB = V AB ~^, (7.3) 



18 Chiral spin 3/2 fermionic field can be introduced by allowing the field ip A to be positive-chirality (or 
negative-chirality). 

19 In Ref. |H], operator P A S was given for d = 4. Generalization to arbitrary d is straightforward. All that is 
required is to respect the relations (I7.4b .( f731 l and the hermicity condition {y) Q P A S <j) y = Y) Q P^, A If) . 
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d A P AB = 0, P$d B = 0, (7.4) 

j A P AB = , P AB 2l B = . (7.5) 
Lagrangian (17.11 ) is invariant with respect to gauge transformations 

Stfj A = 8 A e , (7.6) 
5^ A = ^ A \, (7.7) 

where e and A are parameters of gauge transformations. 

We now discuss on-shell D.o.F of the conformal theory under consideration. As before, for 
this purpose, we use fields transforming in representations of the so(d — 2) algebra. Namely, 
we classify on-shell D.o.F by spin labels of the so(d— 2) algebra. One can prove (see Appendix 
D for details) that on-shell D.o.F are described by 2k + 1 non-chiral vector- spinor fields ijj{ k , 
and 2k — 1 non-chiral spinor fields i[) # 0: 



^l,k' , 


k' = 


k^ k ~\~ 2. . . . . k 


- 2, k\ 




(7.8) 




k' = 


-k + 1, —A; + 3, .. 


. . k 3 ; k 


i; 


(7.9) 


ipo,k> , 


k' = 


-k + 1, —A; + 3, . . 


. . k 3 ; k 


i; 


(7.10) 




k' = 


-k + 2, -k + 4, . . 


. ,k -A,k - 


2. 


(7.11) 



The iplfj, ipo,k' are complex-valued fermionic fields and they transform in the respective non- 
chiral vector-spinor and non-chiral spinor representations of the so(d - 2) algebraB We note 
that on-shell D.o.F given in (17.111) appear only for d > 6 (i.e. k > 2). 

Total number of complex-valued on-shell D.o.F shown in (|7.8I) - (|7.1 II) is given by: 



v = 2^d(d-3). (7.12) 
We note that this v is a sum of D.o.F for fields given in (I7.8I) - (I7.1 lll ^l: 

v = + + J2 u (M + J2 u (M > (7 - 13) 



20 If the generic conformal field ip has positive (or negative) chirality, then the fields in ( 17.81 l.( 17.10i > should have 
positive (or negative) chirality, while the fields in ( |7.9b , (l7.11b should have negative (or positive) chirality. 

21 These fields are subject to the standard constraints 7 7- 0o w — 0' n^V'o k' ~ ^, n _ -0o,fc' = (see Appendix 
D for details). 

22 Total D.o.F v (17.121 for spin 3/2 conformal fermionic field in d — 4 was found in [1|. Decomposition of v 
( 17.131 1 into irreps of the so(d — 2) algebra for the case of d — 4 spin 3/2 conformal field was carried out in ||371 . 
In Appendix D, we use light-cone approach to generalize these results to the case of arbitrary d > 4. 
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i/(^ ifc ,) = 2^(^-3), k' = -k, —k + 2,...,k — 2,k; (7.14) 

vtyip) = 2^(d - 3) , A/ = -Jfe + 1, -Jfe + 3, . . . , k - 3, k - 1; (7.15) 

i/(V»o,*0 = 2^ , kf = -k + 1, -k + 3, . . . , k - 3, k - 1; (7.16) 

i/(V» 0)fc /) = 2^ , fc' = -jfe + 2, -A; + 4, . . . , k - 4, k - 2. (7.17) 



7.2 Ordinary-derivative formulation of spin 3/2 conformal fermionic 
Dirac field 

Field content. To discuss ordinary-derivative and gauge invariant formulation of spin 3/2 con- 
formal non-chiral Dirac field in flat space of dimension d > 4 we use 2k + 1 non-chiral 
vector- spinor Dirac fields ip^ k , and 2k — 1 non-chiral spinor Dirac fields Vto,/^ 

$J fc /, k' = -k,-k + 2,...,k-2,k; (7.18) 

^ , fc' = -k + l,-fc + 3,...,fc-3,fc- 1; (7.19) 

V»o,fc' , fc' = -ib + 1, ~k + 3, . . . , k - 3, k - 1; (7.20) 

V>o,fc', fc' = -A; + 2, -A; + 4,..., A; -4, A; -2; (7.21) 

d- 2 

k = — — , (7.22) 



where spinor indices of the fermionic fields ij)f- k , and ^o,*:' are implicit. The fields ^ fe , 
and ^ ,fc' are the respective non-chiral vector-spinor fields and non-chiral spinor fields of the 
Lorentz algebra so(d — 1, We note that fields in (17.211) appear only for d > 6 (i.e. fc > 2). 
Also, we note that fields in (I7.18l) - (|7.21l) have conformal dimensions 

A <fc , = ^ + k', = ^1 + A/ . (7.23) 

In order to obtain the gauge invariant description in an easy-to-use form we use, as usually, 
a set of the oscillators a A , £, v®, v e . The fields (|7.18I) - (I7.21I) can then be collected into a 2- 
vector ket- vector \tp) defined by 

|V> = hM + CM)>, (7-24) 



23 Chiral fermionic fields can be introduced by allowing the fields ( 17.18b . ( I7.201 i in to be positive-chirality (or 
negative-chirality), while the fields ( 17.191 1,( 177211 1 to be negative-chirality (or positive-chirality). 
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where 2- vector ket- vectors \ipi), |V>o) are defined by 



KM = m h I^o) = (7.25) 

> / V IO 



K) = E^ ffi )**V)^ ^(^)|o) , 

k' = -k,-k + 2,...,k-2,k; (7.26) 



K) = £«V)^ ,- (v e ) _a- ViV(*)|o) 



it' 



fc' = -jfc + 1, -Jfe + 3, . . . , k - 3, k - 1 ; (7.27) 
k' = -k + l,-k + 3,...,k-3,k-l; (7.28) 

fc-2+fc' k-1-k' 

fe' 

jfe' = -jfe + 2, -A; + 4,..., A; -4, A; -2. (7.29) 
It is easy to see that the ket- vector \ip) (I7.24I) satisfies the following algebraic constraints: 

(N a + N c -l)\i>) = 0, (7.30) 

(N c + N v - k)ir + \ip) = , (7.31) 

(N c + N v -k + 1)tt_ I V>) = . (7.32) 

The constraint (|7.30l) tell us that the ket-vector (17.241) is degree 1 homogeneous polynomial 
in the oscillators a A , (. From the constraints (I7.31I) . (I7.32I) . we learn that 

a) the ket-vector |V4 ) (17.261) is degree k homogeneous polynomial in v®, v e ; 

b) the ket- vectors IV'j 1 ') (|7.27l) . {ip^) (17.281) are degree k — 1 homogeneous polynomials in v®, 

v e ; 

c) the ket-vector [ip^) (17.291) is degree k — 2 homogeneous polynomial in -u®, u e . 

We note that the ket-vector {tp^) appear only in d > 6 (i.e. k > 2). 
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Lagrangian. Lagrangian we found takes the form 

LC=(VW>, (7-33) 

where operator E is given by 

E = E m +E (0) , (7.34) 
E m = <f) — ad^a — •yaad + 7a <f) 7a , (7.35) 

E m = (1 — 7a7a)mi + 7«m 4 — 777,47a , (7.36) 

mi = d _ d 2N ^ ~ + v e v + ) , (7.37) 
(d- 1\V2 — 



TO J = ( _ — ) (v e . (7.39) 



'tZ- 1\V2 

A-2, 

We note that (17.351) is standard first-order Rarita-Schwinger operator rewritten in terms of 
the oscillators. 

Gauge transformations. We now discuss gauge symmetries of the Lagrangian. To this end 
we introduce gauge transformation parameters, 

eo, fc '-i, k' = -k,-k + 2,...,k-2,k; (7.40) 

eo,fc'-i k' = -k+ l,-k + 3, ...,k-3,k- 1. (7.41) 

The gauge transformations parameters eo,k' are non-chiral spinor fields of the Lorentz algebra 
so(d —1,1). As usually, we then collect gauge transformation parameters in ket- vector |e) 
defined by 

' | £ (0)) 



|e«) 



(7.42) 



k + k 



e(0)) s ^(^^(^^^^(^iq) 



fe' 

k' = -k,-k + 2,...,k-2,k; (7.43) 



|e«) = J3(t; e ) _a_ (t; e ) _a_ eb^-i(ar)|0> 



A' 



fc / = -jfe + l,-jfc + 3,...,A;-3,A;-l. (7.44) 
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The ket- vector of gauge transformation parameters |e) satisfies the algebraic constraints 

(A^ - A:)7r + |e> = , (7.45) 

(N v - k + l)7r_|e) = 0, (7.46) 

which tell us that the ket-vector |e (0) ) (17.431) is degree k homogeneous polynomial in v®, v e , 
while the ket-vector |e (1) ) (17.441) is degree k — 1 homogeneous polynomial in v®, v e . 
Gauge transformations take the form 

= (ad + F)\e), (7.47) 
F=f 1 + 1 af 2 , (7.48) 

,A — 1 \ 1/2 

A=(y) C«>°, (7.49) 

h = T^^"- + v " a +) ' < 7 ' 50 > 
a — 2 

Realization of conformal boost symmetries. To complete ordinary-derivative description 
of the spin 3/2 field we provide realization of the conformal algebra symmetries on the space 
of the ket-vector All that is required is to fix operators M AB , A and R A for the case of 
spin 3/2 conformal fermionic field and then use these operators in (12.17l) - (12.20l) . For the case 
of spin 3/2 field, the spin matrix of the Lorentz algebra takes the form 

M AB = a A a B - a B a A + ]p AB . (7.51) 
Realization of the operator of conformal dimension A on space of can be read from (|7.23l) . 

A = ^ + A, (7.52) 
A' = N v e - N v e . (7.53) 

Representation of the operator R A on space of is given by 
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R A = R A + R A + R A + R A ^ (754) 

+ r 0) i (a A - ^^7«7 A ) - , (7.55) 

^ = r l5l 9 A , (7.56) 

R% = Gr*, (7.57) 

Ri = riE, (7.58) 

_ 1 N 1/2 

«*C P.60) 

-i^Q'V, (7.61) 

ri>1 = -2i; ffi t; , (7.62) 

re = r G)l a A + r G)2l A + r G ^ 1 A 1 a ) (7.63) 

r A = r E ^ A + r Ei2 a A 7a + r Bi3 7aa A + r^^cr^a 

+ r Et5 a A + r Bi6 a A + r E ^a-i A + r Bj8 7 A 7a + r Ei9 7 A , (7.64) 
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r G ,a = v e r G)a _v e 7T. + v @ r GA+ v m Ti + , a = 1,3; (7.65) 

r G ,a = i^ca-^'V- + v®v (B r Gta+ (cT + , a = 2; (7.66) 

r E ,a = (v e r B ,a-^ ffi vr_ + v®r E , a+ v®TT + )(l - N c ) , a = 1 ; (7.67) 

r E ,a = v e r Eta -v B ir- + v®¥ E , a+ v 9 tt + , a = 2, 3, 4 ; (7.68) 

r E ,a = v®7 E , a -V 9 ((T. + v®v®r Eja+ (a + , a = 5, 7 ; (7.69) 

^ B ,a = C^,a-^®^- + (v®r Eia+ v s> a + , a = 6, 8; (7.70) 

r E , a = (v 9 7 E ^_v 9 ir_ + v^a+v 9 ^)^ , a = 9 ; (7.71) 

F G , 0± = r G , a± (A'), a = 1,2, 3. (7.72) 

r E , a± =r B , a ±(A') J a = l,...,9; (7.73) 

?l,a± = ^,a± a = 1,4, 9; (7.74) 

^B,2± = r E,3± 5 r B,5± = — r E,6T ' ^t,7± = — r E,8T ) (7-75) 

where G (17.571) stands for operator of gauge transformation (17.471) . G = ad + T, while E 
appearing in (|7.58l) is defined in (17.341) . and r a>a ±, r Eja ± (17 .721) . (17 .731) are arbitrary functions of 
the operator A'. The functions r Bia ± are subject to hermitian conjugation rules in (I7.74I) . (I7.75I) . 
Note that the operators r G 2 and r E>a , a = 5, 6, 7, 8 are non-trivial only for k > 2 (i.e. d > 6). 

This form of the operator R A is fixed uniquely by requiring that the Lagrangian be invariant 
with respect to transformations generated by the conformal boost operator K A . 

Two remarks are in order. 

i) R A and R A parts of the operator R A are fixed uniquely, while R A and R A parts, in view 
of arbitrary r G a ±, r Eja ±, are still to be arbitrary. Reason for arbitrariness in R A and R A is 
obvious. Arbitrariness in R A is because of global transformations of fermionic spin 3/2 gauge 
field are defined by module of gauge transformations. Reason for arbitrariness in R A is the 
same as for the case of spin 1/2 field. 

ii) Evaluating commutator [K A , K B ], we obtain [K A , K B ] ~ Gr AB + r E B E, where r AB 
and r E B are some differential operators. If we impose requirement [K A , K B ] = 0, then we 
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obtain equations for r G , a ± and r B)0 ±. Because explicit form of solution of those equations is 
not illuminating we do not present its here. 

Note that the simplest representation for R A is achieved by taking R A = 0, Rj, = 0. 

8 Conclusions 

We have developed the ordinary-derivative formulation of conformal fields in flat space of 
arbitrary dimension. In this paper we applied this formalism to the study of low spin fields. 
Because the formulation we presented is based on use of oscillator realization of spin degrees 
of freedom of gauge fields it allows straightforward generalization to higher-spin conformal 
fields. Comparison of formulation we developed with other approaches available in the litera- 
ture leads us to the conclusion that this is a very interesting and attractive formulation. 

The results presented here should have a number of interesting applications and general- 
izations, some of which are: 

i) generalization to supersymmetric conformal field theories and applications to confor- 
mal supergravities in various dimensions ll39l - [|44ll . Note that in this paper we work out 
Lagrangians and realization of conformal symmetries for all fields that appear in supermul- 
tiplets of conformal supergravities and involve higher-derivative contributions to Lagrangian 
of conformal supergravity. The first step in this direction would be understanding of how the 
supersymmetries are realized in the framework of our approach which suggests new gauge 
fields content for study of (super)conformal gravities. 



ii) extension of our approach to interacting (super)conformal low spirQand higher-spin 
field theories. Such theories taken to be in cubic approximation were discussed Il46ll47ll . Our 
approach to conformal theories is based on new realization of conformal gauge symmetries 
via Stueckelberg fields. In our approach, use of Stueckelberg fields is very similar to the 
one in gauge invariant formulation of massive fields. Stueckelberg fields provides interesting 
possibilities for study of interacting massive gauge fields (see e.g. Il48l 49lO . So we think that 
application of our approach to the (super)conformal interacting fieldo should lead to new 
interesting development. 

iii) BRST approach is one of powerful approaches to analysis of various aspects of rela- 
tivistic dynamics (see e.g. Il52l0 . Though BRST approach was extended for study of higher- 
derivative theories (see e.g. 11531 ). it seems that this approach is conveniently adopted for 
ordinary-derivative formulation. BRST approach was extensively developed in recent time 

24 In the framework higher-derivative formulation, uniqueness of interacting spin 2 conformal field theory was 
discussed in [45]. 

25 Recent discussion of massive supermultiplets in the framework gauge invariant (Stueckelberg) approach 
may be found in ll50ll5Tl . 
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(see e.g. [|54"ll - |[59lD and was applied to ordinary-derivative Lagrangian theories of massless and 
massive fields in flat and AdS space. Because AdS theories and conformal theories share many 
algebraic properties, application of previously developed various BRST methods to study of 
ordinary-derivative conformal field theories should be relatively straightforward. 

iv) There are other various interesting approaches in the literature which could be used 
to discuss ordinary-derivative formulation of conformal theories. This is to say that various 
formulations in terms of unconstrained fields in flat space and (A)dS space may be found e.g. 
in I1601-I1621. 

v) Mixed symmetry fields ll63l 1641 have attracted considerable interest in recent time (see 
e.g. [651- ir70lO . In AdS space, massless mixed symmetry fields, in contrast to massless fields 
in Minkowski space whose physical degrees of freedom transform in irreps of o(d — 2) algebra, 
reduce to a number of irreps of so(d — 2) algebra. In other words, not every massless field 
in flat space admits a deformation to AdSd with the same number of degrees of freedom 11711 . 
It would be interesting to check this phenomena for the case of mixed symmetry conformal 



vi) extension of our approach to light-cone gauge conformal fields and application to anal- 
ysis of interaction of conformal fields to composite operators constructed out fields of super- 
symmetric YM theory^]. We expect that a quantization of the Green-Schwarz AdS superstring 
with a Ramond - Ramond charge will be available only in the light-cone gauge 117211731 . There- 
fore it seems that from the stringy perspective of AdS /C FT correspondence the light-cone 
approach to conformal field theory is the fruitful direction to go. 

We strongly believe that the approach developed in this paper will be useful for better 
understanding conformal field theory. 

Acknowledgments. This work was supported by the INTAS project 03-51-6346, by the 
RFBR Grant No.05-02-17217, RFBR Grant for Leading Scientific Schools, Grant No. 1578- 
2003-2 and Russian Science Support Foundation. 

Appendix A Counting of on-shell D.o.F for spin 1 con- 
formal field 

We analyze on-shell D.o.F for spin 1 conformal field that is described by Lagrangian (14.11) . To 
this end we use framework of light-cone gauge approach which turns out to be helpful for our 



fields. 



purpo Lagrangian (14.11) leads to the following E.o.M: 




n 1+k <p A -d A D k d<f> = o, 



(A.1) 



Approach developed in 11741 should streamline such a analysis 

Discussion of alternative method for counting of on-shell D.o.F may be found in Il37ll34l . 
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where here and below we use the notation d(p = d A 4> A . Making use of light-cone gauge@ 

+ = O, (A.2) 
we obtain from '+' components of Eq. dA.ll) , 

d + n k d(j) = 0. (A3) 

As usually, kernel of operator d + is assumed to be trivial. Therefore Eq. (IA.3l) amounts to 
equation O k d(p = 0. Plugging the latter equation in (|A.1I) gives n 1+k (fi A = 0. To summarize, 
in light-cone gauge, the generic Eqs. dA.ll) amount to equations 

n 1+k (f) A = , (A.4) 
a k d(f) = . (A.5) 

We now transform Eqs. (lA.4l ). (|A.5l) into ordinary-derivative form. Introducing k + 1 vector 
fields 

k' = —k, —k + 2,...,k — 2,k, (A.6) 

and k scalar fields 

0o,fc' , k' = —k + 1, —k + 3, . . . , k — 3, k — 1 , (A.7) 
where the generic conformal vector field <p A is identified as 



(A.8) 



we derive the ordinary-derivative form of Eqs. (IA.4l) . (IA.5I) 

a Kk> - Kk> + 2 = , k' — —k, —k + 2,...,k — 2,k; (A.9) 

d(j)i, k ' - <f>o,k>+i = , k' = -k,-k + 2,...,k-2,k; (A.10) 

n 0o,fc' - 0o,fe'+2 = , fc' = — A; + 1, -A; + 3, . . . , k - 3, A; - 1; (A.ll) 
where we use the conventions dcpi^ = d A (J) A k ,, 

0^+2 = 0, (p , k+1 = 0. (A.12) 

Note that light-cone gauge for generic field (IA.2I) implies the following light-cone gauge for 
fields in (|A.6I) . 

0+ fc , = 0, k' = -k,-k + 2,... ,k-2,k. (A.13) 



28 Light-cone coordinates in ± directions are defined as x ± = (x d 1 ± x )/ V2 and x + is taken to be a light- 
cone time. We adopt the conventions: d 1 = di = d/dx 1 , = d T = d/dx T , I, J — 1, . . . , d — 2. Lorentz 
algebra vector X A is decomposed as X A = (X+,X-,X I ). Note that X+ = X-, X~ =X+,X I = Xi. 
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Light-cone gauge (IA.13I ) and constrains (1A.10I) allow us to express 4> l k , in terms of on-shell 
vector fields 4>[ k and scalar fields 4>o,k', 

0i> = -Q+Ku + q^^'+i ■ (A. 14) 

To summarize, we have k + 1 on-shell vector fields <\>\ k ,, k' = —k, —k + 2, . . . , k — 2, k and 
k on-shell scalar fields 0o,a/> k' = —k + l,—k + 3,...,k — 3,k — l. 



Appendix B Counting of on-shell D.o.F for spin 2 con- 
formal field 

We analyze on-shell D.o.F for spin 2 conformal field that is described by Lagrangian (15.31) . 
Lagrangian (15.31) leads to E.o.M 

□ fe+1 Pi,|,0 A ' B ' = O, (B.l) 

which are invariant with respect to linearized diffeomorphism gauge symmetries and Weyl 
conformal gauge symmetries given in (15.61) and (15.71) respectively. We analyze E.o.M (IB.ll) by 
using light-cone gauge to fix diffeomorphism gauge symmetries and traceless condition to fix 
Weyl gauge symmetry, 

<P +A = 0, (B.2) 
<j) AA = . (B.3) 
Using dB.2h . dB.3h . we find that '++' component of E.o.M (IB.ll) . 

□ fe+1 P++,0 A ' B ' = O, (B.4) 

amounts to the constraint 

D k - 1 dd(j) = J (B.5) 

where here and below we use the notation ddcf) = d A d B (f) AB . Plugging (IB.5I) in (IB. 1 1) we 
obtain 

n k+l <p AB - d A u k (d<p) B - d B u k (d<p) A = o , (B.6) 

where here and below we use the notation (d(p) A = d B <fi AB . 'A+' components of Eqs. dB.6h 
give 

n k (d<p) A = 0. (B.7) 
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To summarize, the generic E.o.M (IB.ll) amount to equations 

n k+1 <f) AB = o, (B.8) 

n k (d(j)) A = 0, (B.9) 

n k - 1 dd(j) = 0. (B.10) 

Making use of the notation 



4 B - k - <P AB 



>l,k' — <P0,k'+l 



(B.ll) 



we rewrite Eqs . (IB . 8I) - (IB . 1 01) into ordinary-derivative form 

n K% - <f' +2 = , k' = —k, —k + 2,...,k — 2,k; (B.12) 

^-0^ +2 = O, tf = -k+l,-k + 3,...,k-3,k-l; (B.13) 

■o,*' - 0o,fc'+2 = , fc' = -fc + 2,-fc + 4,...,fc-4,fc-2; (B.14) 

(302,*') A - <fe'+i = , k' = -k,-k + 2,...,k-2,k; (B.15) 



0, fc' = -fc + l,-fc + 3,...,fc-3,fc-l; (B.16) 



where we use the conventions {64>2,k') A = d B (j) A k ,, d4>\,k> = d A (j)f k ,, 

^*+2 = 0, #S + i = °> 0o,fc = O. (B.17) 

Gauge conditions dB.2h . dB.3h imply 

0+^ = 0, 02^ = 0, fc' = -fc, -fc + 2,...,fc-2,fc; (B.18) 

= 0, fc' = -Jfe + l,-Jfe + 3,...,Jfe-3,Jfe-l; (B.19) 

Light-cone gauge and constrains (IB. 15I) . (IB. 161) allow us to express non-dynamical fields (p^ \>, 

02 fe" an d 4>i k i in terms of dynamical fields 4>i J k ,, <fi[ k ,, and 0o,fc'> 



<9 7 ^ _L_ 



V = + (B.20) 



; 2./,' "T— TT' ; 2.// " -TTVl.fc'+l + 3T^T^o,fc'+2 , (B.21) 



9 / 9 J 






d+d+ 






d 1 




i 




'A, v - 





(B.22) 



To summarize, we have k + 1 on-shell traceless rank-2 tensor fields 0f fc' = —k, —k + 
2, . . . , k — 2, k, k on-shell vector fields <p[ k „ k' = —k + 1, —k + 3, . . . , k — 3, k — 1, and 
k — 1 on-shell scalar fields O */> = — & + 2, — fc + 4, . . . , k — 4, k — 2. 
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Appendix C Derivation of ordinary-derivative La- 
grangian for spin 2 conformal field in 

d = 4 

In this Appendix, we outline derivation of ordinary-derivative Lagrangian for spin 2 conformal 
field in d = 4 by using the gauge invariant formulation of Ad conformal gravity given in 
Ref.[38]. Thus, we start with Lagrangian in Ref. [[38l . 

£ = \ G b, -4G B = e ABCD e^TZ^ B n c pa D , (C.l) 
where Gauss-Bonnet G B , which can conveniently represented as 

G B = nfin% J -mpi'i+Ti 2 , k a = k**8 b , n = n^ A , (c.2) 

is expressed in terms generalized Riemann tensor 1Z AB . This tensor, expanded over flat space, 
takes the form 

K B = K B + 2 (W + 3 terms ) > ( C - 3 ) 
K B = d ^ B ~ d v tof , (C.4) 
$f -^b B + SX, (C.5) 

Zf{h) = \{-dX + d B K)- (C- 6 ) 

The conformal graviton field h A and fields f A and b A appearing in Lagrangian are gauge fields. 
Their gauge transformations are given by 

Sh A = d^e A + d\ + 25 A e {D) , (C.7) 
= d,ef K) , (C.8) 
5b A = d\ D) - 2ef K) , (C.9) 

where e A , e (K) , e (D) are gauge transformation parameters. Because of the generalized Rie- 
mann tensor 1Z AB (|C.3I) is invariant with respect to gauge transformations (IC.7I) - (IC.9I ), the 
Lagrangian (|C.1I) is also gauge invariant. 

We rewrite the Lagrangian (IC.ll) explicitly in terms of f v = f A 5 A and = b A 5^, 

C = -2R^ + Rf- AftdJT + Afdb - 4/;/^ + 4/ 2 , (CIO) 
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where / = f£, and R v = R^5 U A is linearized Ricci tensor of conformal graviton field h v = 

r„ v = ~(-n/v + dp{dh) v + d u {dh) p - d^h) , (Cii) 

R = Rfc, (dh) p = d v h v , h = h p , h pu = h p r] pv , and rj^ v is a flat metric tensor. 

Before deriving of ordinary-derivative Lagrangian we recall how the standard higher- 
derivative Lagrangian is obtained from Lagrangian (1C. 10b . To this end we consider E.o.M 
for the field f», 

<%£ = 0, (C.12) 
which allows us to solve the field fj' in terms of the fields h v „ and 6 M , 

Plugging this solution in the Lagrangian (IC 101) we obtain the standard higher-derivative Weyl 
Lagrangian, 

C = R^R^ -^R 2 . (C.14) 

We now turn to derivation of ordinary-derivative Lagrangian. To this end we introduce a 
decomposition of f" into symmetric and antisymmetric tensor fields, 

ft = l^ + l^, (C15) 

where 

s^ = s u \ a ^ = -a^, (C.16) 
sT = s^ p r] pu , aT = a p p ri pu . (C. 17) 

In terms of fields and a pu , the Lagrangian (IC 101) takes the form 



C = s^^ + d^ + d^ + ^siR+idb) 

- a^s*" + s 2 - a^F^ + a^aT , (C.18) 
where we use the notation 

F pv = d p b u -d v b p , db = d^, s = s p . (C.19) 
We now consider E.o.M for the antisymmetric tensor field a) 3,v , 

d a ^C = 0, (C.20) 
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which allows us to solve the field a^ v in terms of the field strength F^ v , 



aT = -F^. (C.21) 



Plugging this solution for a^ u into Lagrangian (IC.18I) we obtain 



£ = - s ^( R ^ + d^ + d^) + ^s(R + 4db) 



1 

4" 

This is nothing but the ordinary-derivative Lagrangiar@. The Lagrangian obtained is invariant 
with respect to gauge transformations 

ShT = d»e u + d u e» + 2r]^e (D) , (C.23) 

SiT = d^ K) + d v e» K) , (C.24) 

W = d»e (D) - 2e? K) . (C.25) 

Generalization to general gravitational background. Lagrangian (IC.22I) can be extended 
to general gravitational background. Using gauge invariant Lagrangian in [38] we find the 
following ordinary-derivative Lagrangian in general gravitational background: 

1 . _ . _ . ... 1 



C = -s^(R llu + Dpb l/ + D l/ b ll + 2bpb I/ ) + -s(R + 4Db-2b 2 ) 



~" — \ ILls i Li, 1/ i IS ** U, i LA, IS J i , -x 

-9 2 



- s^ + s 2 --F^F^, (C.26) 



1 

4~ 

where g = detg^ and g^ u is a metric tensor of general gravitational background, R^ u = R p IMpu , 
R = RV R^ upX = d p T^ x + . . .. In (|C.26I )- (IC.33I ), fi, v, p are indices of curved gravitational 
background. The remaining notation is 

s = <TV, Db = DJf, b 2 = gVbpK , (C.27) 

and Dp stands for covariant derivative. 

Lagrangian (|C.26I) is invariant with respect to gauge conformal boost and Weyl transfor- 
mations, 

&9i*v = 2^6(0) , (C.28) 
Ssp U = Dp€( K)u + D u e (K)fi + 2{e^ K) pb v + s^^b^ — gnu e (K)pb p ) , (C.29) 
5bp = dpE (D) - 2e (jr)Al , (C.30) 



29 Fields in (IC221 are identified with the ones in (157781) in obvious way: W v = 2(% v _ 1 , s^ v = 



2^2,1' 
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and the standard diffeomorphism transformations 

= + d^ p 9 P u + d,eg» P , (C31) 

= (£0) v + + «9 M £% P , (C.32) 

% = (^)^ + ^ p &p, (C33) 
where we use the notation £<9 = ^c^. 

Appendix D Counting of on-shell D.o.F for spin 3/2 con- 
formal field 

We analyze on-shell D.o.F for spin 3/2 conformal field that is described by the standard higher- 
derivative Lagrangian given in (17.11) . Lagrangian (17.11) leads to E.o.M, 

U k P$$$ B = 0. (D.l) 

We now analyze E.o.M (ID. II) by using light-cone gauge to fix gauge symmetry (|7.6I) and 
gamma-transversality condition to fix gauge symmetry (17.71) . 

^+ = 0, (D.2) 

-y A ip A = . (D.3) 

Using gauge conditions (ID.2I) . (|D.3I) . one can prove that E.o.M amount to the following equa- 
tions (for details see below): 

□ fc @ ^ A = , (D.4) 

□ fc - 1 ^9^ = 0, (D.5) 

dip = 9 A ?/' j4 . Making use of the notation 

V£_ fc = ^, (D.6) 
we transform Eqs. (ID.4l) . (|D.5I) into ordinary-derivative form, 





0. 


k' = 


k^ k ~\~ . . . . k 




(D.7) 


$ 1p0,k> + 1pQ,k'+l = 


o, 


k' = 


-k + 1, -k + 2, . . 


. . /l 2 ; /u 1^ 


(D.8) 


7ipi,k> = , 




k' = 


k^ k ~\~ 2, . . . ^ k 


-2,fc; 


(D.9) 


7^1,*' + V'o,*' = > 




k' = 


-k + 1, -fc + 3, . . 


. . k 3 ; k X, 


(D.10) 
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where we use the conventions 7^1, = T'V'rV' 



^fc+i = 0, ^o,-fe = 0, ^o,k = 0. (D.ll) 
Simple way to derive (1D.7| )- (1D. 10b is to note the representation for the fields ipf k >, 4>o,k> in 

k- 



terms of the generic field ip^ 



k + k' 

Ku = a ^K-k > kf = -k,-k + 2,...,k-2,k; (D.12) 

k-l+k' 

^ fc , = — □ , k' = -k + 1, -k + 3, . . . , k - 3, k - 1; (D.13) 

^ 0)fe , = 2D 2 9^i,-fc , fc' = -Jfe + 1, -Jfe + 3, . . . , Jfe - 3, k - 1; (D.14) 

^ o fc/ = —2D 2 , if = -A; + 2, -A; + 4, . . . , k - 4, k - 2. (D.15) 
We note that light-cone gauge (ID .21) implies 

^ = 0, fc' = — At, —At H- 1, , A; — 1, /s- (D.16) 

Before to proceed, we introduce the notation 

^+ = , <i = irViV > = n+ ^o, fc ' , ri,v = n-ip ,k> , can) 

n+EEi 7 - 7 +, n-EEi 7 + 7 -- (D.18) 

Some of the fields in (ID.17I) . namely 

z/^J,, fc' = -fc,-fc + l,...,fc-l,fc; (D.19) 

rip, k' = -k + l,-k + 2,..., k- 2, k -1, (D.20) 

turn out to be dynamical on-shell D.o.F. This to say that using E.o.M (ID.7I) . (ID.8I) . algebraic 

constraints (|D.9I ), (|D.10| ), and light-cone gauge (ID. 161) we can solve the remaining fields in 
(IDTTTI) in terms of on-shell dynamical D.o.F. (lDl9l) . (lDT20l) . 

ri; k > = -^i J 9 J ri% - ^ri% + i , (D.21) 

= -^rii + ^ri,v+x > (°- 22 ) 

Vfo = -^y^o> - ^^'4-1 • (D.24) 
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Relations (1EX2TT) . (1EX221) . and (1EX241) are obtained from (ITJ71) . (IDT81) . while relation (IDT231) is 
obtained from (ID.21I) and the following relations: 



k! = —k, -k + 2,...,k — 2,k; (D.25) 
k' = -k, -k + 2,...,k — 2,k; (D.26) 
^7"^ > > A/ = — A; + 1, — A; + 3, . . . , A; - 3, A; — 1; (D.27) 
A/ = -Jfe + l, -jfc + 3, . . . , k - 3, k - 1; (D.28) 

which are obtainable from algebraic constraints (ID.9I) . (|D.10I) . 

Thus, we obtained on-shell D.o.F (ID. 191) , (1D.20I) which satisfy the algebraic constraints 
(ID .261) . (|D.28I) and the constraints il - ^ = 0, H~ipQ k , = 0. It is easy to see that such on- 
shell D.o.F are in one-to-one correspondence with on-shell D.o.F (I7.8I) - (I7.11I) subject to the 

constraints = 0' n -, 0o y = 0' n^o.fc' = 0. 

We finish with details of derivation of Eqs. (|D.4| ), (ID.5I ). Using gauge conditions (|D.2|) , (|D.3I) 
we obtain relation 

U k P+^ B = j- ((d - 2)d + @dip + 7+D^) , (D.29) 

which, together with (|D.1I) . leads to equation 

□ fc - x ((d - 2)d + ft dip + 7+D^) = . (D.30) 
Multiplying this equation by 7+ gives 



7^{t = , 



□ fc - l 7 +a+ dip = . (D.31) 

Eq. (ID.31l) implies relation 

□ fc - 1 7 +D ^ = n fc_1 7 + @ fidi[> = O k - 1 2d + ft dijj . (D.32) 

Plugging (ID.32I) in (ID .301) and taking into account assumption that kernel of the operator d + 
is trivial we obtain the desired Eq. (|D.5l) . Finally, plugging the gauge condition (ID.3I) and 
Eq.(lD31) in E.o.M (HO) we obtain Eq. dDl5b . 
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